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A derivation is given for the general  equations of heat and mass t ransfer  in decomposing 
heat-shield material  on the basis of using the Umov t ransfer  equation. A simplified system 
of equations is presented which contains the functional thermophysieal character is t ics .  The 
functional thermophysical character is t ics  are  determined in a numerical example for the 
ease when the functionality is due to thermal  decomposition of the material  according to the 
Arrhenius law. 

At present ,  pr inc ipa l ly  decomposing material  of the bonded plastics type are  used in heat shields 
operating under intensive thermal  load conditions. Complex and multistage physicoehemical t ransforma-  
tions occur in these materials  under high-temperature heating, which al ter  the structure,  chemical com- 
position, and physical propert ies  of the material  substar~ially, and exert  significant influence on the heat 
t r ans fe r  within the coating. Models based on using the mass- ,  energy-,  and momentum-conservation 
laws with different simplifying assumptions [1-4] are  ordinarily used to describe mathematically the heat- 
and mass - t rans fe r  processes  in decomposing materials,  and, as a rule,  the questions of the practical 
determination of the physical character is t ics  used in these equations hence remain open. 

On the basis of Using the Umov equation, the derivation of the general heat- and mass- t ransfer  
equations in a decomposing heat-shield material  is given in this paper.  Simplified equations are  presented 
which have been obtained by introducing the functional thermophysical character is t ics .  The method of de- 
termining the functional thermophysieal character is t ics ,  which is based on solving the inverse problem, 
is examined in the example of a numerical experiment.  

Let us assume that the decomposing heat-shield material  can be considered as a homogeneous porous 
medium consisting of a gaseous phase and a sotid phase, where each phase consists of a definite number 
of mutually reacting components. To obtain the fundamental conservation equations, let us, analogously to 
[5], use the Umov equation of substance t ransfer ,  

OC 
0-7 + div (CVc) = --  div {jc ) + I c ,  (1) 

where C, V C, JC, IC are ,  respectively,  the concentration, velocity of convective t ransfer ,  diffusion flux, 
and intensity of the volume sources of the substance. 

The mass-conservat ion equation of the i-th gaseous component is obtained from (1) by using the fol- 
lowing relationships: 

$ 
C = mp l i ,  V c  = V ~ .  - -  , j c  = sj  w I c  = cOx~, 

m 

(rap.) + div = air (sj,,) + 
Ot 

(2) 
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Summing (2) over  all  i -components  and taking account  of the re la t ionships  

N N N 
XJ,, =~ 

' i=I r i=! 

we obtain the mass-conservation equation for the gaseous phase: 

0 
Ot (rap,) + div (splV1) = ~01. (3) 

The mass - conse rva t i on  equation for  the solid phase can be obtained analogously:  

0 
"~3t- [( 1 - -  m) P=i] + div [(I - -  s) p2,V2] = - -  div [(1 - -  s) J~i] + c%~, (4) 

0-~ [(1 pJ [(1 - -  s) 92V~1 = co~, (5 )  m) + div 

,V+M N+M 

/=N+I i=N+l 

Here V 2 is the mean mass flow rate of the solid phase, the velocity of material shrinkage, or deformation 
because of the thermal stresses, pressure, external forces, etc. 

To derive the momentum-conservation equation of the gas phase, let us use the relationships 

C = mp,V, ,  Vc = ~ V v ]c = sxP, Ic = mplF,, 
tn  

o (6) 
-~- (mp~V,) + div (spiV~Vl) = grad (sip) + mplFl, 

where  p is the p r e s s u r e ,  s 1 is a coeff icient  [6] ref lect ing the magnitude of the sur face  through which the 
p r e s s u r e  pulse is t ransmi t ted  ffor the case  when the porous mater ia l  is a sys t em of l inear  capi l la r ies  
s t = s), and F 1 is the ficti t ious mass  r e s i s t ance  force  during gas f i l t ra t ion in the porous medium. 

The equation of sol id-phase motion cannot be wri t ten  down, s ince the p roces se s  associa ted  with d is-  
p lacement  of the solid ca rcas s ,  including the shrinkage,  have st i l l  been  investigated only slightly.  Hence, 
we shall  cons ider  the veloci ty V 2 a given quantity. 

Let us use the equation of s ta te  in the fo rm 

P = PIRT1 (7) 

to  obtain the connection between the p r e s s u r e  and density of the gas phase .  The ene rgy -conse rva t ion  
equation for the gas phase is obtained f r o m  (1) with the following re la t ionships  taken into account:  

( , ) s _ f  C = m o t  U + ~ - V I V ~  , Vc = - -  Y , ,  h = U n d p cpdT, 
m p . 

0 
N 

jc = - -  s~ grad T 1 + s x hlijl i + Ha,i + spY1, 

N 
Ic = a ( r ,  - -  r I )  + rnp,F,V, + ~ h" 

i ~ l  

- }  ( , + -} ,v, ) j § + ,v, ) v, j -- 
N 

O o t  (rap)+ div (s~. 1 grad 7 ' 1 ) -  div (s ~ hi/ j ,  , ) - -  

N 
- -  div (HR,I) ,@ c~.(T~ - -  T,) -}- mp, F~V~ + ~ h;i ~o,~, (8) 

where H B is the integrated radiant energy flux (relative to the wavelengths), ~ is the volume coefficient 
of heat exchange between the solid and gas phases, and hli is the enthalpy of the i-th gaseous component 
at  the t e m p e r a t u r e  T 2. 
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Fig.  1. T i m e  dependence of the 
t e m p e r a t u r e  at the points x0-x 7 
(x 0 = 0 ;  x i = 0 . 0 4 ) ;  x 2 = 0 . 0 8 ;  
x 3 = 1 . 1 2 ;  x 4 = 0 . 2 ;  x ~ = 0 . 4 ;  
x 6 = 0 . 6 ;  x 7 = 1 ) .  

The e n e r g y - c o n s e r v a t i o n  equation for  the solid phase  is 
der ived  analogous ly: 

0 [(1 in) P~h2] -5 div [(1 - -s)  p~h~V~] = div[(1 - -  s) k~gradT 2] - -  
0/ 

N 

- -  d i v  (HR.2)  - -  ~ (T~ - -  Ta) - -  ~ h;t ~011. (9)  

The t r a n s f e r  equations (2)-(9) obtained a r e  fundamental  for a r e -  
act ing mul t icomponent  porous  medium.  In invest igat ing speci f ic  
p r o b l e m s ,  this s y s t e m  must  be supplemented by the chemica l -  
k inet ics  and rad ia t ion- t ra r [ s fe r  equations,  by exp res s ions  for  the 
diffusion fluxes,  and the r a t e  of shr inkage  of the solid c a r c a s s ,  
and values of the physica l  c h a r a c t e r i s t i c s  enter ing into the c o m -  
p le te  s y s t e m  of equations must  be  given.  

Es t ima te s  of the o rder  of the t e r m s  in (2)- (9) [7] show that 
under  the a s sumpt ion  that  m = s = s I and m p l h  1 << (1 -- m) P2h2, 
the s y s t e m  of equations (2)- (9) can be reduced  to the following 
s impl i f ied  f o r m  in solving one-d imens iona l  p rob l ems  as soc ia t ed  
with the in tensive heating of hea t - sh ie ld  m a t e r i a l s  (10-100 deg / sec ) :  

0 
(mp~V~) = % = - -  +~, (1 O) 

0 
0-7 [(1 - -m) p~l = ~ ,  (11) 

[ ( l - - m ) p ~ h 2 ] = ~ ( ~  ~ T x  ) .  (12) 

The  decompos i t ion  veloci ty  w~ at an a r b i t r a r y  point x during t h e r m a l  des t rue t ion  of the ma t e r i a l  is d e t e r -  
mined pr ine ipa l ly  by  the law of t e m p e r a t u r e  va r i a t ion  at  this  point and can be computed by using the 
chemica l -k ine t i c s  equat ions.  Then  the solutions of (10)-(11) a re  

I 

mp~V1 = S r ( r  (x), t, D d~, (0 -<. x ~< t, V~ I;=, -- 0), (13) 
x 

t 

(1 - -  m) p~ = (1 - -  m) p~ I,=o + .[ o~ (T (x), t) d'c, 
0 

and (12) can be wr i t t en  as follows: 

where  r iT (x, T) ], 
t ,  0- -<XS ~----- 1). 

(0 ~< x < t ) ,  (14) 

o o (p 0 
-&-<$r) = T Z  ] - T ; /  

FiT(x, r)] a r e  functionals o f T ( r )  and ~[T(~, T), X] iS a functional of T(~, r) ,  (0 -< r -< 

(i5) 

If  convect ive  heat  t r a n s f e r  of the gas  phase  is neglected,  we can then obtain f r o m  610)-612) 

OT d FiT(x ,  -c) OT -5 6[T(x,  ~)1 0 ~ -  0x ~ Q[T(x, ~)], (16) 

G iT (x, ~)1 ---- (1 - -  m)p~cp,~, Q iT (x, x)] = - -  (h 2 - -  hi) ~ .  

Here ,  in con t ras t  to  the nonl inear  hea t -conduc t ion  equat ion where  the t he rmophys i ca l  c h a r a c t e r i s t i c s  a r e  
functions of the t e m p e r a t u r e ,  the expres s ions  in the square  b racke t s  a r e  functionals of T (4, T). The 
genera l  sense  of the introduct ion and p rac t i ca l  u t i l iza t ion of functional t he rmophys i ea l  c h a r a c t e r i s t i c s  
exis ts  under  the a s sumpt ion  that  they can be desc r ibed  by sufficiently s imple  ma themat i ca l  express ions  
and then de te rmined  on the bas i s  o f  expe r imen ta l  data  by means  of solutions of the appropr i a t e  inve r se  
p r o b l e m s .  It should be  noted that  the approach  fo rmula ted  can be used success fu l ly  to inves t igate  indi- 
vidual p r o c e s s e s  taking p lace  in the heat  and m a s s  t r a n s f e r  of decompos ing  m a t e r i a l s  such as noniso ther -  
mal  kinet ics ,  m i c r o s t r u c t u r a l  ana lys i s ,  e tc .  
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Fig .  2. Change in  the funct ional  G at 
the  points  x0-x 7. 

An example  of a o n e - t i m e  d e t e r m i n a t i o n  of two func-  
t iona l  t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  by so lv ing  the i n v e r s e  
p r o b l e m  is p r e s e n t e d  below to  i l l u s t r a t e  the  p r o p o s e d  ap-  
p r o a c h  to  so lv ing  h e a t - t r a n s f e r  p r o b l e m s  in d e c o m p o s i n g  
m a t e r i a l s .  

The  o n e - d i m e n s i o n a l  p r o b l e m  d e s c r i b e d  by (16) under  
the  a s s u m p t i o n  that  Q[T(x, T)] = 0 was  c o n s i d e r e d :  

OT O OT 
G[T(x ,  -r)] -- F[T(x,  "~)1 - - ,  (17) 

Ot Ox Ox 

( 0 ~  ~ t . ~  1, 0 .~ x .~ i), 

OT 
r (x, 0 ) = 0 ,  T (O, t) = T~(t), 

Ox 

T~, (t) = 

16t (0.5 -- t), 

--6-6 t (0.5 q- t (0.5 -- t)), 

(0.~ t-.< 0.25), 

(0.25 < t .~  1), 

G = 11 .(1 -5- alT ) + (i - -  ~q) (a2 + a~T + a4T2), 

F = 'i (a~ + acT ) + (1 "r l )  (a 7 + asT + a~T2), 
t 

,1 = exp - -  alo exp T (T) + 0,15 ' 
0 

a 1 = I ;  a ~ = 0 ~ 5 ;  a 3 = 1 , 1 ;  a 4 = - 0 . 6 ;  a 5 = 0 . 1 5 ;  

a 6 = 0.65; a, = 0.08; a 8 = 0.16; a 9 = 0 . 3 6 ;  

a lo=3-10s ;  a u = 5 .  

The  funet ionals  G and F have been  s e I e e t e d  dependent  on both  the t e m p e r a t u r e  and the d e g r e e  of m a t e r i a l  
d e c o m p o s i t i o n  7; the  funct ional  dependence  on the  hea t ing  p r e h i s t o r y  is t aken  into accoun t  in  the e x p r e s -  
s ion  for  ~, which is wr i t t e n  as  the so lu t ion  of the A r r h e n t u s  equat ion for  a f i r s t - o r d e r  r e a c t i o n .  The  
p r o b l e m  (17) was  so lved  on an  e l e c t r o n i c  c o m p u t e r  by us ing  an  impl ic i t  d i f f e r e n c e  s c h e m e .  Shown in F ig .  
1 is the t i m e - v a r i a t i o n  in the  t e m p e r a t u r e  at  two bounda ry  (x 0, x 7) and s ix  i n t e r i o r  (xl-x 6) points  of the 
m a t e r i a l .  The  t e m p e r a t u r e  change  in  the  va lues  of the  fanc t iona ls  G and F fo r  the  points  (x0,x 7) is r e p -  
r e s e n t e d  in  F igs .  2 and 3. The  va lues  of the funct ionals  G and F dur ing  hea t ing  f i r s t  g r e w  along the upper  
l ines in  F ig s .  2 and 3, then  went ove r  to  the  l ower  c u r v e s  and r e a c h e d  s o m e  m a x i m u m  va lues  a long them,  
and l a t e r  d i m i m s h e d  a long the se  c u r v e s .  

By the  def in i t ion  of the func t ior~Is  G and F, the t ime  change in the  t e m p e r a t u r e  at  the  points  x ~ x  7 
was  c o n s i d e r e d  known in  so lv ing  the  i n v e r s e  p r o b l e m  [7]. 

In  o r d e r  to  d imin i sh  the c o r r e l a t i o n  be tween  the  p a r a m e t e r s  a t -  al t ,  the  funct ionals  G, F w e r e  g iven  
the  fol lowing f o r m  dur ing  the  s e a r c h :  

a = ~ [(1 - T) + Tpxpn] + (1 - -  ~ [(2T - -  I) (T - -  1) P2 - -  4T (T - -  1) P3 -k T (2T - -  1) p,], 

F = ~ [(1 - -  7") P5 + Tpn] -k (1 - -  ~) [(2T - -  1) ( r  - -  I) pz - -  4T (T - -  1) Ps + T (2T - -  1) Pgl, 

t 

0 

New p a r a m e t e r s  pi lp i l ,  r e l a t e d  to  the p a r a m e t e r s  a 1- al l  by  the e x p r e s s i o n s  

I L P i - -  1 -Tax , P 2 = a 2 ,  P 3 = a z  , - i - ~ - a 3 ~ -  4 a4, 
Ps 

P4 = a~ + a a + a 4, P5 = as, P6 = a5 + a6, 

L PT= aT, P8 = a7 -t- 1 a8 + 4 ag' P9 = a, + a s =- %, 

Plo = alo exp (1 - -  2an), PlI ali 
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TABLE 1. Resul t s  of Solving the Inve r se  P r o b l e m  

Result of the Parameter Initial value search Exact value 

Pl  
P2 
P8 
Pc 
P5 
Pe 
P; 
Ps 
P~ 
Plo 
Pli 

5,0 
1,5 
1,5 
1,5 
0,4 
0,4 
0,2 
0,2 
0,2 

150,0 
10,0 

2,50110 
0,50006 
0,91072 
0,99154 
0,15783 
0,79851 
0,08204 
0,25309 
0,59863 

13,62081 
5,01374 

2,5 
0,5 
0,9 
1,0 
0;15 
0,8 
0,08 
0,25 
0,6 

13,61999 
5,0 

�9 F I �9 
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# qz 

zl 

�9 1 1 

t 

Fig.  3. Change in the functional F at the 
points x0-x 7. 

a r e  introduced he re .  Such r e p a r a m e t r i c a t i o n  of the 
p r o b l e m  cons iderab ly  weakens the gully nature  of the 
quality c r i t e r i on  being minimized  and, correspondingly ,  
i n c r e a s e s  the r a t e  of convergence  of the s ea rch .  

The genera l  p r o b l e m  of de te rmin ing  the functionals 
G and F is to  seek  values of the p a r a m e t e r s  Pi-PIi which 
will a s s u r e  a min imal  deviat ion of the computed t e m -  
p e r a t u r e s  f r o m  those  given.  Taking account  of the d i s -  
c r e t e  deduct ion of the exper imen ta l  and computed t e m -  
p e r a t u r e s ,  the quali ty c r i t e r i on  was wr i t ten  as  follows: 

50 7 

' ](Pl, P~, " ' ' ,  P ~ ) =  ~ : - ~ 2  [T  (x,, t ] ,  px . . . .  , P , , ) -  Texp ixi. ti)]~. 
]=1 i=1 

The Davidon a lgor i thm [8], which r equ i r e s  the 
evaluat ion of just the f i r s t  de r iva t ives  of the function 
being min imized  and by  fa r  exceeds  the method of 

s t eepes t  descent  in the r a t e  of convergence  and the r andom s e a r c h  method even m o r e ,  was used as the 
method to  s e a r c h  for  the p a r a m e t e r s  Pi-Pll .  The values of the pa r t i a l  de r iva t ives  a J / a p k  needed were  
calculated by using f i r s t  d i f f e rences .  

P r e s e n t e d  in Tab le  1 a r e  exact  va lues  of the p a r a m e t e r s  Pl-Pll ,  t he i r  ini t ial  va lues ,  and r e su l t s  of 
solving the s e a r c h  p rob l em .  As is  seen,  the solution of the i nve r se  p r o b l e m  during p roces s ing  the n u -  
m e r i c a l  exper iment  has been  obtained with suff icient ly high accu racy ,  which indicates  the poss ib i l i ty  of 
de te rmin ing  confident functional c h a r a c t e r i s t i c s  for  r e a l  m a t e r i a l s .  

N O T A T I O N  

a ,  p a r a m e t e r ;  C, concentra t ion  of substance;  c, speci f ic  heat ;  F, a functional,  the f i l t ra t ion r e -  
s i s t ance  force;  G, a functional; H, r a d i a n t - e n e r g y  flux; h, enthalpy; I, source ;  J, quali ty c r i t e r ion ;  
j, diffusion flux; m, volume poros i ty ;  p, p r e s s u r e ;  Q, a functional; R,  gas  constant;  s,  su r face  p o ro s -  
ity, coefficient;  T, t e m p e r a t u r e ;  t ,  t ime ;  U, in te rna l  energy;  V, veloci ty;  x, space  coordinate;  ~ ,  
h e a t - t r a n s f e r  coefficient;  ~, space  coordinate ;  ~, degree  of decomposi t ion;  h, hea t -conduct ion  coeffi-  
cient;  D, densi ty;  T, t ime ;  w, r a t e  of fo rmat ion  of the chemica l  component;  @, ~, functionals.  Sub- 
s c r i p t s :  1 r e f e r s  to  gas  phase ,  p a r a m e t e r  number ;  2 r e f e r s  to solid phase ,  p a r a m e t e r  number ;  C r e f e r s  
to substance;  i r e f e r s  to number  of the chemica l  component,  the rmocouple  number ;  j r e f e r s  to number  
of a t i m e  point; k r e f e r s  to p a r a m e t e r  number ;  M r e f e r s  to number  of a so l id -phase  component;  N r e f e r s  
to  number  of a g a s - p h a s e  component;  p r e f e r s  to speci f ic  heat  at constant  p r e s s u r e ;  R r e f e r s  to  radiant  
energy;  w r e f e r s  to  su r face  t e m p e r a t u r e ;  exp r e f e r s  to  expe r imen ta l  r e su l t s ;  the a s t e r i s k  is defined in 
(8); the b a r  above the symbols  r e f e r s  to  the effect ive value.  
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